In this note we give a new proof of the existence of infinitely many prime numbers. There are several different proofs with many variants, and some of them can be found in [1, 3, 4, 5, 6 ]. This proof is based on a simple counting argument using the inclusionexclusion principle combined with an explicit formula. A different proof based on counting arguments is due to Thue (1897) and can be found in [6] together with several generalizations, and a remarkable variant of it was given by Chaitin [2] using algorithmic information theory. Moreover, we prove that the series of reciprocals of the primes diverges. Our proofs arise from a connection between the inclusion-exclusion principle and the infinite product of Euler.
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Let { p i } i be the sequence of prime numbers, and let us define the following recurrence:
Let us note that the N th term a N generated by this recurrence coincides with
and can be given in a closed form as
which implies that 0 < a N < 1, since each factor is strictly positive and less than one. Now, we are ready to prove the classical Euclid's theorem:
There are infinitely many prime numbers.
Proof. Let us suppose that p 1 < p 2 < · · · < p N are all the primes. For any x ≥ 1, and for i = 1, . . . , N , let A i be the set of integers in [1, x] that are divisible by p i . Then, the number of positive integers in [1, x] is obtained by applying the inclusionexclusion formula to find the cardinality of ∪ N i=1 A i :
where [s] denotes the integral part of s as usual. Since
we reach a contradiction,
and the proof is finished.
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